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Newton’s law of motion

m variation in momentum is equivalent to working force
d

at
where X =velocity & f =force

(mx)=f

Continuum body

m Continuous distribution of material in space and time
(x,y,z,t) where (x,y,z)=space & t=time

m Density of body at point P

_lim M
pP)=y -0y 4
M=mass, V=volume
existence of limit

\
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Inner product of vectors

m Vector: direction and magnitude
m Inner product: projection, making scalar from vectors
a-b =|ajb/cos ¢

m Length of vector %
a=+a-a 4 2

m Normalized base vector: e, e,

_s 1 (=)
e,~e,_5,.,._{o (i;tJj) )_ez

Length of vectors is unit & orthogonal
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Description of vector

m Inner product
a-b=(ae,)(be,;)=abe, e, =ab;5 =ab,

m Component: projection of vector to base vector
a,=a-e =(ae;)e =a;0,;

e, a
m Description of vector /
a=ae =(a-e)e, iisadummyindex €2
1
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Scalar triple product of vectors

m Scalar triple product
[abc]=(axb)-c=(bxc)-a=(cxa)b

indicates volume of parallelepiped by a, b & c.

a'] aZ a3
dV =[abc]=|b, b, b, bxc
Ci C Cy a '

" S
Outer product of vectors

m Outer product
w=axb
w is orthogonal to a & b and the magnitude equals to
the are of parallelogram by a & b.
e, e, e,
w=axb=a a, a;=¢,eahb,

b, b, b
e 1 (ijk : permutable)

Permutation symbol & =1—1 (ijk : reverse)
0 (ijk : other)

Deformation

m Volume change

a'=F-a, F :deformation gradient

c deformation

b
dV'=[a'b'c'|=[F-aF-bF-c]=[F]abc]=(detF)dV




Tensor

Linear transformation from a to b
b=A-a

Transpose of tensor
a-(A-b)=(A"-a)-b

Symmetric and antisymmetric
A = AT:symmetric, A= —AT:antisymmetric

Division of tensor

_1 e (A—AT
A_2(A+A)+2(A A")

symmetric antisymmetric

Orthogonal tensor

m Transformation to keep inner product of vectors
(Q-a)-(Q-b)=a-b
property Q"-Q=1 or Q' =Q"
m Features:
keeping length
Q-a-,(@a)@a)-@Qa}a-"aa-a
keeping angle between vectors
(Q-a)-(Q-b)=|Q-a|Q-b|cos @ =[ajb/cosd =a-b
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Tensor product

m Definition
(a®b)c=a(b-c)
c is transformed to (b-c)a
a®b works as a tensor.
m Tensor description
A=e Qe A
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Eigenvalue and eigenvector

m Eigenvalue problem
b=A-a=1a eigenvalue: 1, eigenvector:a
m Eigen equation

(A-Al)-a=0
condition to have a solutionas a =0: \A—/II\ =0
b
al

transformation
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Eigenvalue and eigenvector Eigen equation
m Eigen equation ) ) . ,
2B —1,22+1,A-1lll, =0 | (eigen equation)
A11 -4 A12 A13
A-U= A, A,-12 Ay =0 I, =trA=A,+A,+A, =4+, + 1,

Ay Ay Ay—4 ly = 15 (A ~trA? )= 20, + 2, + 22,
that is,

I, =detA = A 4,4,

Invariants of tensor for coordinate transformation

B =122+, A—-1ll, =0 | (elgenequation)

A4 0 O
Eigen values are real in case of symmetric tensor, A
g y Q'AQ=D=(0 4 0| Q=[v, v, v,]
0 0 /13 Q :coordinate transformation by
13 normalized eigen vectors

14

Cayley-Hamilton’s law Constitutive equation

m Applying a vector a, eigen equation becomes m Stress — strain relationship
(B -1,2+1,4-111,)a=0 power law
Using property of eigenvector A-a=1a,
(A® —1,A2 11, A=l l)a=0
From a=0, A1, A +11L,LA-Ill1=0
m tensor function is expressed by
fLA A% A")= (LA ,A?)

o= f(l,a,gz,---,en): f(l,a,gz)
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Gradient
m Nabla: V:eii:e1i+ezi+esi
0X; OX, 0X, 0X,
example
szidx, where F = F(x,,X,,X;)

OX;

)

dF =VF-dx=|e, % |-(e,ax,)= % ax,
0X OX

i

variation

" S
Divergence

m Divergence of vector

V-u:divu:[e,;xj-(ejuj =

o Uy +du,

|:> u,+du,

u, m

u, T

d¢ =du,dy +du,dx = (au"

oX

i
i

gradient increment

F(x+dx)

17

0
; WjdA — u,,dA = div u dA
oy ’

19

"
Gradient & Defo

m Gradient of vector

rmation

0 ou,;
Vu=|e,— [®leu.)]=—Le. ®e;
o ol o

)

m Deformation gradient
dx=F-dX =(F,e, ®e,)-(dX,e, )= F,dX,e, =dxe,

i

F/k=ﬁ
ax,

F= o, e Qe,
(1) @

J

" S
Divergence

m Divergence of tensor

oT,
V-T:divT:[e,aij-(ej®ek7'jk)=ek8”‘=ekT.

Tv-(e, 00,7, ) e

‘ deformatio’
1

8

Jjk.j
i j

—=e,,

5 6T, _ oT,
~%ax, % ax &

' OX,

J

20



Integral theorem Proof (no.1)
m Gauss’s divergence theorem m Gauss’s divergence theorem (1 dimensional case)
j’sn-FdS:LV-FdV L nfdS = L—dV
oF,
[L(F,dydz + F,dxdz + F,dxdy) = L(%’ZX * o aai jdxdydz m proof o
nfdS=|(—dVv
m Generalized integral theorem L g Lay
[n*FdS=[V+FaV 1 eiyzyi . »
t X
U
Y _dx
¢,y =y,(x) § ‘ 48 /dS
a b X
21 22
" " JEE
Proof (no.2) Stress
yt Gy =y(x) L f s f 0of m Traction force
t Jj oy y By setting an arbitrary plane on point P, define a working
n traction force, f.
_ yE(x,y,( f(x,y,(x))dx
¢y =yix) X f ? ) m Action and reaction
a b :—ff X, Y,(x))dx — ff x, ¥, (x))dx Fif =0
d
n—[ yds} =—j;fdx=—Lfg;;ds=Lnyfds m Stress vector Af N
_dx .
ds t- lim Af

t= t(x,n) Stress vector is a function of location X and intersecting
plane with P (normal vector n)
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Stress tensor

m Tensor composed of stress vectors
t

3 t
zooming in X3 \ 4 t2 — 1‘2
= \'n, VAR

N n/\ X2

zooming out

m Stress tensor

"
Cauchy’s theorem

m Area of coordinate planes
AS,=Asn-(-n,) Av =As%
As, =Asn-(-n,)

AS, =Asn-(-ny)

m Equilibrium equation of force

25

PPAV +tAs + t,As, +t,As, +t,As, =0

PbASg+tAS+t1Asn’(_n1)+t2Asn'(_n2)+t3Asn'(_n3): 0
T

t=tn-n,+t,n-n, +t;n-n,
t=n-(n,®t, +n,®t, +n, ®t,)=n
t=n.o

t
) t2T
t T

3 27

Note on positive direction of stress

y | Oy

o

ny Xy
oot e

> X
| Oy Positive direction is

defined by normal vector of
vy each plane

26

Symmetry property of stress tensor

m Equilibrium equation of moment

0
Ot adid dy

yr - oy

oy l

0
I o, +—axy dx
15)4

—

O-yx

oo, dx 00, dy
(axy + (axy + Tﬁxy dxndy2 = (ayx + (ayx + v ; ddex ”

By dx,dy — 0,

y
> X

Oy =0 :symmetry

28
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Deviator stress

m Definition

1
s=oc—_trcl=0c-pl
c 3 cl=c-p

o1 =P Oy

S=| Oy 03P
O34 O3
m Property
trs=0

Definition of strain

m Deformation gradient
dx =F-dX
m Expression of stretch

O
O

7 n plane
—trol

3

O,
0,
29
deformation

ds? —dS? = dx - dx —dX-dX = (F-dX)- (F - dX)—dX - dX
= dX-(F'F—1)-dX = dX - 2E - dX

ds? —dS? = dx-dx —dX -dX = dx -dx — (F"- dx)-(F"- dx)

E : Green strain tensor (E —ET

=dx-(I-F7F ") dx = dx - 2e - dx

€ : Almansi strain tensor (e = eT)
31

Strain
m Dimensionless quantity to express deformation
oo L-L, L-L,
L, =0
L, 0) T
e= ° e= o
] L2 L2

=
Green strain tensor

m Displacement vector

various kinds of strain

30

u=x-X
:aix:a(X+u):|+67u
oX oX oX
m Green strain tensor
1|0u (8ujr /auj
E=—<—+|—=| + —
20X \oX \ X

T(au
'\3Xj

m Small strain tensor

1| 0ou (au)T
£=—<—+|—
210X \oX

second order — 0

32



Geometrically based interpretation

m Stretching AuyI x
&, _ Y, & _ oy Ay
oX Yoy
m Shearing Ax  Au,
o g —0Ouy OYy
7xy Xy yx ay aX
=tang, +tanég,

= 0, +6,

33

AS 1
N_ | N+ B ( j
AS 0

ars—ds:\/{(1 0>F+2g11 2¢,, }(1}_1
dsS 2¢,,  1+2¢,, |\O
= 1+ 26, 1= 1+ 25,1 2,

35

"
Discussion on strain No.1

m Stretching

ds-dS_ds ,_ dsz%_1
dS dS = |ds?

AS
N s N

2 T T
(dsj _OX-F'FaX _N-F'FN _ cren

das dX - dX N-N

Discussion on strain No.2

m Shearing
n -n N. -F'FN
cos\n n,)= 1 2 — 1 2
o, ne) Jn,-n;n, -, \/N1~FTFN1\/N2.FTFN2
cos(n, n,) 261

[+ 26,1+ 22,

|

‘
N, =281, = V1,

34

1 1
~ 2512(1 ~5 2511j(1 5 2¢,,

36
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Compatibility condition on strain

m Strain & displacement

strain " displacement

6 components 3 components

m Compatibility condition is necessary to determine
displacements from strains

_ou ou, 1 (6ux N 5uyj

o ox Yoy “v =0

\:> 0%, 1( d%u, ou, 1( 0%, 0%,
oxoy 2\ oxd’y o*xoy ) 2\ oy  o%x

8y67x

g

37

Conversion of description

m Position vector
description can be converted each other
x=x(X,t) () X=X(xt)

m Change of description
A(X,t)= A(X(x,t),t) > A(x,t)
Alx,t) = AX(X,t)t) - AX 1)

39

Material & spatial descriptions

m Material description
looks at physical quantity
of particle, A(X,t)
through the coordinate X at t =0 _ XX
and time, t.

A(X,0)

Particle moves by motion

m Spatial description
looks at physical quantity
of particle, A(x,t)
through the coordinate x at t =t
and time, t.

oordinate is fixed

38

Material time derivative

m Time rate of change in physical quantity of specific
particle, X

SAXE)  lim  AXt+At)-AX.t)
ot At—>0 At

A=

m Velocity of particle
ox(X,t)

el Sl :Defined by material time derivative

ot
It is expressed in spatial description such as

v(x,t)=x(X(x,t)t)

40



Spatial time derivative Relationship of two time derivatives
= Time rate of change in physical quantity of particle at x A 0A(Xt)
ot
OA(x,t im A t+At)— Ax,t
g’t‘ ) A bt At) () lim AKXt + At + AL - AX,)
At —0 At
_lim AX(Xt)+ VALt + At)— A(Xt)
“At—>0 At
AX(X,t)t)+ VA-vat + 22 At — AX )
_ Ilim ’ ot
T At—>0 At
4 0A(Xt) _0A VAV
“ ot 8t Advection term iz
" " JEE
Time derivative of integral quantity Preliminary for derivation
i 1 aA
1 Atl’T)OAt[L(A( Xt +At)— A(x,t)) dv]=

= [Alx,t)dv
m2 Av=(v: n)dsAt

' lim
L v At—>0A [, Axt+At)d

o _ lim A(x,t + At)(v-n)Atds
Dt_AtIT)OAt[LA x,t+At)dv - [ Ax,t)av] zi:ondjs
= V-
= ™ o L0AGct+ A~ A ) o + [ A+ at)av] v
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Time derivative of integral quantity

DI Jim
Dt At—>0At

[L X,t+At)— A(x t))dv+LvA(x,t+At)dv]

Dt

——L—dv+ A(v-n)ds

or

Dt ot

DI _ L{aA+V (Av)} dv L' '

45

Reynold’s transport theorem

gtLApdv:(LAp dv)'

—L

—L{

dv+ [Ap(v-n)ds

+ V( Apv)} dv

= [ {+v VA}+A{%[;+V~(,0V)}:|C!V

= LpA dv

47

Law of conservation of mass

= (t)=[ p(x.t)dv

" == pdv+Lp(v~n)ds:0

Dt_

Equilibrium equation

m Newton’s law of motion

gtipvdv:ifdv+fstds

m Reynold’s transport theorem & Cauchy’s theorem

D .
EtLdeV: [p¥av,

m Equilibrium equation

46

Ltds: Ln-ads= iv-adv

[pvav=[{V-o+fldv

=

owN=V-o+f

48



Equilibrium equation Consideration on time derivative
gyy+aiwdy m Volume of body
Yo o0, 00 dV =[dX dY dZ
ny""%dy 7)0(4_7}0(4_";:0 B
—[- 4 - ox oy = Deformation of body
O T o & 00, , 00, o 4 dx=F-dX, dy=F-dY, dz=F.dZ
o o y
Ot | | o+ T x dv=ldx dy dz=[F-dX F-dY F-dZ=FdV
<—l—0 L m Time derivative of dv
.o 0y +1; =0 (dv) =(F)Fav + Fav* = (F) v = Ftr(F F)av
) y Fpo XX _dX_g,
V-o+f=0 dx dX dx
- (av) = Ftr(F'F)av = F(V-v)aV = (V-v)dv “
" JE
Time derivative of integral Framework of boundary value problem
m Law of conservation of mass m Equilibrium equation

D . ] _ V.o+f=0 inv, h-co=t onS
EtLpdv:L(pdv) = [pdv+[pV-vdv=[{p+pV-vidv=0

m Strain displacement relationship

1 T .
=—\V \Y \%
/?+/OV-V=6£+V,0-V+,0V-V==a—p+v.(pv):0 d 2{ u+(Vu) g in
o ot m Constitutive equation
m Transport theorem c=C:¢e inv

- Bound dit
DDti,DAdV:L(PAdV)°=LpA+pAdv+_[pAV-vdv = Boundary condition

= HpA+A(p+pV-v)}dv: [ PAdv

n-o=t, onSc, u

u, on Su

51 52



From the condition

Principle of virtual work <case 1> [o:fdv= La:é(VWWWT)dV Ry p—
= If the following equation, =[V-(oc-w)dv-[V.c-wdv
[o:pdv=[fwdv+ [t wds =[no-wds-[V-oc-wav
is established for arbitrary variable w which satisfies = Lt "W ds - LV ‘o -wdv
B = 1{VW+(VW)T} inV The equation becomes
{ 20 [o:pdv—[f-wdv-[ t,-wds
W = on Su o
the equation reduces to equilibrium equation such that - Lt-w as - LV’G'W av — Lf-w av - Lato "W ds
Votif=0 inv =—[(V-o+f)-wdv+[ (t-t,)- wds=0 forany w
{ n.o-:to on S It reduces to Votrf=0 in v/
I‘I-O'Zto on So
53 54
" J = B
] . . From the condition
Principle of virtual work <case 2> [fudv+ [ tu,ds

=—[V-a-udv+ [ t-u,ds
=-[V-(@-u)dv+[a:Vudv+ [ t-u,ds

m If the following equation,
[a:gdv=[fudv+[ tu,ds

1
is established for arbitrary variable « which satisfies =-[V-(@-u)dv+[a: §(VU +VuT )dv + [,tu,ds
{ V-a+f=0 inV The equation becomes
na=0 onSc [a:edv—[f-udv-[ t-u,ds
the equation reduces to equilibrium equation such that 1
. . T
e:;{Vu+(Vu)T} in v =La.edv+LV~(a~u)dv—La.§(Vu+Vu )dv—Lutuods
u=u, onSc =La:{e—;(Vu+VuT) dv+ [ n-aiu-u,)ds=0
forany o«
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Elasticity & Plasticity

m Recoverable response: Elasticity

O = Es & O Et
ES :secant elastic modulus P ’
Ao = Et Ag Nonlinear elasticity

S = &

Et :tangential elastic modulus

m [rrecoverable response: Plasticity

o

Residual displacement

Deformation property whether
elasticity or plasticity is judged
by loading cycle. 57

Basic assumption on strain

m Modeling on elastic unloading behavior

ol

m Decomposition of strain

e=¢&°+¢&P

to establish 1 to 1 relationship between stress and strain.

If £ is given, &° is unique for o.

59

Yield function and loading condition

m Limit load for elasticity
Yield function: f(o)=0c-0,
f(O') <0 :elasticity &P =0

f(c)=0

df = ifdg- > (0 : plasticity, strain hardening ( o, increases)
oo &P #0

df = ifdg < 0 : elasticity
oo &P =0

58

Consideration on assumption

m Uniqueness in stress & strain

o

&P is constant during
unloading and reloading

m Plasticity

makes boundary value problem in framework of elasticity.

60



Plastic model
m Perfectly plastic o Strain hardening
flo)=
(O-) 0 Perfectly plastic
m Strain hardening & softening < o
rain softenin
f(o', K) =0 /\ g

m Hardening parameter
x = k(")

61

Principle of maximum plastic work

m Drucker’s postulate
{(c-0,) -de

= 1?(0—0'0)-&"6 dt + J:Z(O'—O'a)'(é‘e +&"p)dt

+ f(o-—ao)-ée dt

= f’Wdt+ 1{12(0'—0'0)-6‘” dt

= fz(a—ao)f” at>0

[> (0-0,)-£°>0

Principle of maximum plastic work

63

" S
Basic assumption of plasticity

m Drucker’s postulate:
Plastic work is defined to be positive.

{(c-0,)-de>0, o, initial stress (arbitrary)

\ stress cycle

&

It is necessary to make 1 to 1 relationship between
stress and strain.

" J
Principle of maximum plastic work

m Physical meaning

(6-0,)&>0 [O) o-é° >0, &

\* .

O, arbitrary possible stress

62
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"
Associated flow rule

m Principle of maximum plastic work
(0-0,)-&°>0
1

[ Normality rule

=1 if A :plastic multiplier

oo
A is positive, but substantially indeterminate.

m Convexity of yield function

Note: Conversion of tensor into vector

A

o0,

A

of  of  of | 6o,
a(TXX aGX_}/ 6O-XZ i

of | of of o i> o _|do.,
oo |do, Oc, oo, oo | 9
of  of  of do,

oo, 0o, 00, a9

) ) oo,

of

67

Equation for perfectly plastic body

Associated flow rule  dg” d/isf
(o2

Perfectly plastic  f(o)=0 , df = (jf) do =0
o
Elastic ~ do =Dde® = D(de - ds”)

of Y of of Y . of
— | d Dde—-| — | D—dA=0
Arrangement (aaj o= aa) (aaj py.

Plastic multiplier (5 )

(2o

66

Perfectly plastic body

m Constitutive equation

do =Ddg —Ddg? = Dde —Da—fd/i
oo
T
o
o\ oo de
D

D

do =D®de=|D—_©
(Xyod
oo oo

68



=
Non-associated flow rule

m To express the material property, non-associated flow
rule is required

" S
Equation for perfectly plastic body

—a2 %

Non-associated flow rule deg” 5
0'

og m Yield function f(c)=0, df = (af j do =0
deP =di—= oo
oo . m Elastc  do =Dde® = D(de - dg )
= Yield function flo)=0 Non-associated flow rule ;
\ Y do=( Y pae () DYz -0
m Plastic potential g(o)=0 Associatec& flow rule m Arrangement Fy. c= pym 55 D35 04=
J
’ (af) Dde
..................................................... = Plastic multiplier g3 =99/
Plastic potential
(Vs
oo oo

" S
Perfectly plastic body

m Constitutive equation of non-associated flow rule

do = Dde — Dde” = Dde — D %9 ¢
oo
Gg(

oo
if
oo

“Jo
g de
D

|0l
oo

D
do=D%de=|D- (

70
" JE

Equation for strain hardening body

—a
oo

m Associated flow rule dg”

Yield function f(o,£”)=0

Loading condition

:
(A PINES PRI PRN A K7
oo oe’ oo oef ) oo

m Elastic  do =Dde® = D(de - de”)

m Arrangement

T T

AP e PR L PLAPIRE A 9
oo oo oo oo oef ) oo

71 72



Strain hardening body

.
(afj Ddeg

oo

(W)T pof (WJT of
oo oo \oeg?) oo

m Constitutive equation

m Plastic multiplier

)
Daf(af) D
do =D¥ds =|D- do\do

(WJT pof (WJT of
oo oo \oeP) oo

73

Rigid plastic constitutive equation

m Associated flow rule for von Mises criteria

V20
s=—2&" where é:J.E‘p:SPZJé;é‘,f
é

m Constitutive equation (stress—strain rate relationship)
0=s+pl=@ép+pl
e
p is nondeterministic for plastic strain rate £”.

It is determined by solving the boundary value problem
(i.e. equilibrium equation). It is, however, not so easy. It
will be noted later.

75

Yield function

m von Mises criteria &P
flo)=J,-c2=0

2nd invariant of deviator stress o f(o-) =0
1 1
J, ZES S = ES”S”
m Associated flow rule 0,
. of 0,
EP=1—-=17s
oo

) é . D
E> Epzﬁio_s where e:\/gp : gp:ng_j’?g”F,’

o

74

Yield function

m Extended von Mises criteria (Drucker-Prager)
flo)=J,—al,—k=0

O;
1nd invariant of stress

l,=tro

m Associated flow rule

& =10 _ A(s+al)
oo

76



" J
Ultimate load analysis (Plasticity theorem)

m Setting of problem

F, :basic load P

F= 'OFO Yo :load factor 2,

o

m Analytical methods o
Deformation analysis: stiffness — 0 (rigorous analysis)
Limit analysis: AF=0 but Au=0

77

" J
Plasticity theorem 1

m Stress distribution keeps constant at failure
m Proof
Consider a body collapsing at load oT,
ia tE&dv= ij ‘udv+ .[_Upto ‘uds (Work equation)
Assume stress changes under constant load oT,
J:(g +OAL): & dv = _[f udv+ La pt, -uds  (Virtual work equation)
From the above equations

ia‘ :&dvAt =0 is necessary, thatis :6=0

79

" S
Limit analysis

m Upper & Lower bound theorems

Two systems based on following conditions:

Equilibrium equation 00— Lower bound |
Strain rate and velocity relationship [1—| Upper bound |

Constitutive equation [ []
Boundary condition [ [

m Property of solutions

pL = pL max exact pU min = :
various solutions various solutions

78

Continual proof

m Examinationon 6:£=0
0:6=06:6°+6:£"=0
where
G:6°=6°:A:6°>0 elastic energy
G &P >0 :Druckers postulate

From the condition of 6:6°=0 & 6:6° =0,

it is obtained as ¢ =0.

80
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Plasticity theorem 2

m Stress & strain rate distribution is unique for external load
m Proof

Consider two sets of solutions as (@),&5)) & (G2)&5)
O =0 (1) — 0y :self-equilibrate
& =84 —£&f :compatblewith u=0 on S,

Itis obtained that [ (o, — oy, ): (&f) —£5,)dv =0

Integrand is

(00 —00): (68 —25))= (00 — 0 ): €6 + (0 — 01 ): 68, 20,
therefore, o, =0, .

" J
Continual proof

m Elastic energy

1
A= 5(0'(1) —0(2)): D: (0'(1) —0(2))2 0

m State change
i("m - ‘7(2))5 (3(1) - 9(2))dV =0
= [Adv+ L(G(n —0p): (3'{;) —é(’;))dv
based on principle of maximum plastic work
[Adv<0 |:> O ~ O

Stress distribution converges to specific one by plastic deformg:t,‘ion.

"
Plasticity theorem 3

m Stress distribution approaches to specific one for load
m Proof

Consider two initial stress distributions as o, (t =0) &
0'(2)(t = 0)

O =0 ) — Oy :self-equilibrate
&= 5‘(1) - 6"(2) :compatible with u=0 on SU

It is obtained that
L(O'm) _‘7(2)): (3(1) _3<2))d‘/ =0

" J
Lower bound theorem of Limit Analysis

m Statically admissible stress field
V.o+f=0 inv, no=pt, onsSs
f(a) <0 inV

m Theorem

If statically admissible stress field can be found for
external load At,, the body is safe for it.

P < pexact
(1) Kinematic condition is not considered.

(2) Maximization of lower solution is necessary.
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Proof

m Suppose exact solutions of o,, &° & p..
{a* L &7 dv = [f-u* dv+ Lap*to u, ds
weak form of statically admissible stress
Ia:é‘,;” dv = [f-ﬂ* dav + J;Upta ‘u, ds
From two equations
j:(o; ~0):&l dv=

|:> p—p20

Lt ‘u, ds >0
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Internal dissipation energy

m Definition
D(¢")=0c:&"

Stress o is uniquely determined for &” by principle of
maximum plastic work.

m Property
(1) convex function of &°
D
D(ef,)-Dlefy )- ‘ (

ot £y~ )20
(2) D(2£")=D(&")
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Upper bound theorem of Limit Analysis

m Kinematically admissible velocity field
:;{vm(vu)T} inv, w@=u, onSu
m Theorem

Load factor calculated by setting rate of external load
work equal to rate of internal dissipation energy

iD dv—If udv+J;pt -uds
is greater than the exact one, P <P .
(1) Equilibrium equation is not considered.

(2) Minimization of upper bound solution is necessary.
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Proof of upper bound theorem

m Suppose exact solutions of o, & p..
weak form of statically admissible stress
io; & dv= J:f-ﬁ dv + Lap*to ‘ads
upper bound calculation
lD dv—_[f udv+J;pt ‘uds

From two equatlons
_[(0'* —0):&" dv=

I:> p—p=<0

_Lt ‘u, ds <0
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Application of upper bound theorem

m Upper bound theorem
pJ;UtO ‘uds+ If-fl dv= J:D(&"”)dv
min< p| sub. to é‘p:;(Vfl-l-Vl'lT)inV,

u=u,ons,

m Governing equation
[D(e” )v— [f-u v
p= _
Lat" -uds

89

Property of object function

m Convexity property on function

P P

(¢.u)
Global minimization = Local minimization
Search of “ 9p=0 *
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Property of object function

m Homogeneous function
[D(2&”)av— [f-(2u)dv = [20:£" dv— [2f -0 v
= 2({0‘ & dv— _[f-l'l dv): 2({D(£”)dv— J:f u dv)

\y

Relative magnitude & direction of &” are important in
assessing limit load

N

"
Minimization of upper bound solution

m Upper bound theorem
p= [D(&"”)dv- If-udv

_ sub. to L t,-uds=1
ming p 7
g’ =;(V1'1+V1'1T)in v,

u=u,ons,
m Functional method for minimization with condition
p= _[D(.s‘"’)dv- jjf-ll dv+y(£ t -uds—1 )

[> op=0 for (5]'1, é:u) M :Lagrange multiplier

20
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Simultaneous equation in minimization

m Upper bound theorem

p= lD(ép)dv- if~ﬁdv+y(£ato ‘uds—1 J

Limit load factor

" [o:08” dv- [f-Gadv+pu| t, dads=0
[ t,-uds—1=0

It is same with equilibrium equation

Minimization process derives the equation of equilibrium
which is not considered in upper bound theorem.

All necessary equations are taken into account in bound-
ary value problem and the exact solution can be obtained.
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Rigid plastic FEM

m Finite element discretization
u=NU &” =BU &"=m"BU

N :shape function B :kinematic matrix I :transfer vector

[ t,uds—1=0 ©) [ ¢ NdsU-1=FU-1=0
[oce/av=0 ) ox" [N,'m"BdvU=05x"LU=0

(s+rd): 08" dv- |f-Sadv+u| t,-Suds=0
I I L

0

éUT{ lﬁao

B'OB , . r T
_ dvU+_[BTmN2dv1c-_[N3fdv+,u.[_ Nt ds u|=0
e o

Constraint condition for constitutive eqn.

m von Mises criteria

e

p_ € Lp_ _
a”—ﬁo_s |:> g, =g trs =0

m Functional to minimize an object function vith conditions

p= _[D(.s'"’)dv- [f-ﬁdv+y(£0ta ‘uds—1 )+ _[ngp dv=0

[(s+): 57 dv- [t-Gucv+u| ¢, -Gads=0
Dy [t uds-1=0

lé‘l{éfdv O'=s+pI=\/§O-”£‘p+pI

Obtained equation matches the rigid plastic
constitutive equation 94
" J
Rigid plastic FEM
m Simultaneous equations

s (lﬁGo BTéQB dv jU+(lBTmN2 dv)’(+<_LaNthodS ),u: J:fo "

iNZTmTB avU=0

velocity mean stress load factor

K@e)U+L'x+Fu=0

[> LU =0

F'U =1

L [t MdsUu-1=0

Symmetric tensor
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Slope stability analysis

discontinuous line @

discontinuous line @

discontinuous line M

10

30 24
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Effect of nailing strength

High strength of nailing

M aar bOEAKERSE o, 35°
B aaq OMEN ¢
S a A FOEN ¢
STERIOMREH Ny
HNEIDOBRRBFE—A2 b Ny

HNEIDERE D

20kPa
0.01kPa
200kN

Low strength of nailing

0.01kN-m
0.2m

u

"

With and without analysis of seam layer

Seam weak layer is included

5.56E-4

Fs=1.307

3.47E-5
6.98E-9

1.69E-4

Fs=0.9376

1.06E-5
3.59E-9
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