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Continuum body

� Continuous distribution of material in space and time
where              =space  &  t=time

� Density of body at point P

M=mass, V=volume

existence of limit
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Newton’s law of motion

� variation in momentum is equivalent to working force

where      =velocity &     =force

� � fx ��m
dt
d

x� f
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Inner product of vectors

� Vector: direction and magnitude

� Inner product: projection, making scalar from vectors

� Length of vector

� Normalized base vector:
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Description of vector

� Inner product

� Component: projection of vector to base vector

� Description of vector

� � jijijjii aaa 
����� eeea

1e
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3e a

� � iiiia eeaea ��� i is a dummy index

� � � � iiijjijijijjii babababa ������� 
eeeeba
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Outer product of vectors

� Outer product

is orthogonal to     &     and the magnitude equals to 
the are of parallelogram by     &    .
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Scalar triple product of vectors

� Scalar triple product

indicates volume of parallelepiped by     ,     &    .

� � � � � � � � bacacbcbaabc ���������
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Deformation

� Volume change

,           :deformation gradientaFa ��' F

deformation

� � � � � �� � � � VdV ddet'''' FabcFcFbFaFcba �������
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Tensor

� Linear transformation from     to

� Transpose of tensor

� Symmetric and antisymmetric

� Division of tensor

a b
aAb ��

� � � � baAbAa ����� T

TAA � TAA ��:symmetric, :antisymmetric

� � � �TT AAAAA ����
2
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2
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symmetric antisymmetric
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� Definition

is transformed to 

works as a tensor.

� Tensor description

Tensor product

� � � �cbacba ���

c � �acb �

ba�

ijji AeeA ��
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Orthogonal tensor 

� Transformation to keep inner product of vectors

property                    or

� Features:

keeping length

keeping angle between vectors

� � � � babQaQ �����

IQQ ��T 1�� QQT

� � � � � � aaaaaQQaQaQaQ ����������� T

� � � � bababQaQbQaQ ��������� �� coscos
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Eigenvalue and eigenvector 

� Eigenvalue problem

eigenvalue:    ,  eigenvector:

� Eigen equation

condition to have a solution as            :

aaAb ���� � a

� � 0aIA ��� �

0a � 0�� IA �

'' ab ��a

b
transformation'a
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Eigenvalue and eigenvector 

� Eigen equation

that is,

Eigen values are real in case of symmetric tensor, 
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023 ���� AAA IIIIII ��� (eigen equation)

A
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Eigen equation 

023 ���� AAA IIIIII ��� (eigen equation)

321332211 ��� ������� AAAtrIA A

� �� � 133221
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2
1 ������ ����� AA trtrII A

321det ����� AAIII

Invariants of tensor for coordinate transformation
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Q :coordinate transformation by
normalized eigen vectors

15

Cayley-Hamilton’s law 

� Applying a vector     ,  eigen equation becomes

Using property of eigenvector                ,

From           ,

� tensor function is expressed by

� � 0a ���� 23
AAA IIIIII ���

� � 0aIAAA ���� 23
AAA IIIIII

0a � 0IAAA ���� AAA IIIIII 23

� � � �22 ,,,,,, AAIAAAI ff n ��

a

aaA ���
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Constitutive equation 

� Stress – strain relationship

power law

� � � �22 ,,,,,, ������ II ff n �� �



17

� � i
i

jj
i

i dx
x
F

dx
x
F

dFdF
�
�

���
 

!
"
#

$
�
�

��%� eex

Gradient

� Nabla:

example
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Gradient & Deformation 

� Gradient of vector

� Deformation gradient
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Divergence

� Divergence of vector
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Divergence

� Divergence of tensor
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Integral theorem 

� Gauss’s divergence theorem

� Generalized integral theorem
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Proof (no.1)

� Gauss’s divergence theorem (1 dimensional case)

� proof
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Stress

� Traction force

By setting an arbitrary plane on point P, define a working 
traction force,   .

� Action and reaction

� Stress vector

f

0ff �� ��
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lim
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n

Stress vector is a function of location     and intersecting 
plane with P (normal vector     )n

x

V
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Stress tensor 

� Tensor composed of stress vectors

� Stress tensor

P
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3x

2x
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3n �
�

 

!

"
"

#

$
�

23

22

21

2

t
t
t

t
3t

1t

zooming in

zooming out

� �
�
�

�

�

�
�

�

�
�

�
�
�

 

!

"
"
"

#

$
�

333231

232221

131211

3

2

1

ttt
ttt
ttt

T

T

T

t
t
t

x�

26

Note on positive direction of stress
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Positive direction is 
defined by normal vector of 
each plane

Normal vectorNormal vector

27

Cauchy’s theorem 

� Area of coordinate planes

� Equilibrium equation of force
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Symmetry property of stress tensor

� Equilibrium equation of moment
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Deviator stress 

� Definition

� Property
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Strain

� Dimensionless quantity to express deformation
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Definition of strain 

� Deformation gradient

� Expression of stretch

dx
dX

deformation

XFx dd ��

� � � �
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E : Green strain tensor � �TEE �

e : Almansi strain tensor � �Tee �
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Green strain tensor 

� Displacement vector

� Green strain tensor

� Small strain tensor
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dX

u

u+du
Xxu ��

0
1
2

	


�

�
 
!

"
#
$
�
�

�
 
!

"
#
$
�
�

��
 
!

"
#
$
�
�

�
�
�

�
X
u

X
u

X
u

X
uE

TT

2
1

� �
X
uI

X
uX

X
xF

�
�

��
�
��

�
�
�

�

0
1
2

	


�

�
 
!

"
#
$
�
�

�
�
�

�
T

X
u

X
u

2
1�

second order � 0



33

Geometrically based interpretation 

� Stretching

� Shearing
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Discussion on strain No.1

� Stretching
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Discussion on strain No.2

� Shearing
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Compatibility condition on strain

� Strain & displacement

� Compatibility condition is necessary to determine 
displacements from strains

strain displacement�

3 components6 components
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Material & spatial descriptions

� Material description
looks at physical quantity
of particle,
through the coordinate    at
and time,  .

� Spatial description
looks at physical quantity
of particle,
through the coordinate    at
and time,  .

X
t

� �tA ,X

� �tA ,x
x

t

0�t

tt �

X

� �0,XA � �tA ,X

x

� �0,xA
� �tA ,x

Particle moves by motion

Coordinate is fixed
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Conversion of description

� Position vector
description can be converted each other

� Change of description

� �t,Xxx � � �t,xXX �

� � � �� � � �tAttAtA ,,,, xxXX ��

� � � �� � � �tAttAtA ,,,, XXxx ��
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Material time derivative

� Time rate of change in physical quantity of specific 
particle,

� Velocity of particle

It is expressed in spatial description such as

X
� � � � � �

t
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t
lim

t
tA

A
+

�+�
�+�

�
�

�
,,

0
, XXX�

� �
t

t
�

�
�

,Xxx�

� � � �� �ttt ,,, xXxxv ��

:Defined by material time derivative
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Spatial time derivative

� Time rate of change in physical quantity of particle at x
� � � � � �

t
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Relationship of two time derivatives
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Time derivative of integral quantity
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Time derivative of integral quantity
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Law of conservation of mass 
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Reynold’s transport theorem
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Equilibrium equation

� Newton’s law of motion

� Reynold’s transport theorem & Cauchy’s theorem

� Equilibrium equation
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Consideration on time derivative

� Volume of body

� Deformation of body

� Time derivative of 
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Time derivative of integral

� Law of conservation of mass 

� Transport theorem
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Framework of boundary value problem

� Equilibrium equation 

� Strain displacement relationship

� Constitutive equation

� Boundary condition

0f ���% � tn ���in V , on S

� �) *Tuu %�%�
2
1� in V

�� :C� in V

otn ��� on S�6 ouu � on Su
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Principle of virtual work <case 1>

� If the following equation, 

is established for arbitrary variable        which satisfies 

the equation reduces to equilibrium equation such that

w
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From the condition

The equation becomes

It reduces to
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Principle of virtual work <case 2>

� If the following equation, 

is established for arbitrary variable        which satisfies 

the equation reduces to equilibrium equation such that

8

in V

on S�
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Elasticity & Plasticity 

� Recoverable response: Elasticity

� Irrecoverable response: Plasticity

�� sE�

�� +�+ tE
sE :secant elastic modulus

:tangential elastic modulus
tE

�

�sE

tE

Nonlinear elasticity

�

�

Residual displacement

Deformation property whether 
elasticity or plasticity is judged 
by loading cycle. 58

Yield function and loading condition

� Limit load for elasticity

Yield function: � � yf ��� ��

� � 09�f

� � 0��f

: elasticity

0:
�
�

� �
�

d
f

df : plasticity, strain hardening (        increases)y�

�

�

y�
0:df

09df

09
�
�

� �
�

d
f

df : elasticity

0�p��

0�p��

0�p��
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Basic assumption on strain

� Modeling on elastic unloading behavior

� Decomposition of strain

to establish 1 to 1 relationship between stress and strain.

If       is given,     is unique for     .

�

�

�

�

pe ��� ��

p� e� �

p� e�

pe ��� ��

60

�

�

Consideration on assumption

� Uniqueness in stress & strain 

� Plasticity

makes boundary value problem in framework of elasticity.

p� e�

� is constant during 
unloading and reloading

p�
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Plastic model

� Perfectly plastic

� Strain hardening & softening

� Hardening parameter

�

�

Strain hardening

Perfectly plastic

Strain softening

� � 0��f

� � 0�;6�f

� �p�;; �
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Basic assumption of plasticity 

� Drucker’s postulate:

Plastic work is defined to be positive.

,            :initial stress (arbitrary)

It is necessary to make 1 to 1 relationship between 
stress and strain.

� � <:��' ��� = d =�

�

�
=�

stress cycle
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Principle of maximum plastic work

� Drucker’s postulate
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� � 0:�� p��� = � Principle of maximum plastic work
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Principle of maximum plastic work

� Physical meaning

� � 0:�� p��� = � pp ���� = �� �:�

=�

�

p��

=� :arbitrary possible stress
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Associated flow rule

� Principle of maximum plastic work

� Normality rule

is positive, but substantially indeterminate.

� Convexity of yield function

=�
�

p��

� � 0��f

�
�

�
�

�
fp ��

� � 0:�� p��� = �

�

�

p��

� � 0��f

=�

�

:plastic multiplier
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Equation for perfectly plastic body

� Associated flow rule

� Perfectly plastic              ,

� Elastic

� Arrangement

� Plastic multiplier
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Note: Conversion of tensor into vector
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Perfectly plastic body

� Constitutive equation
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Non-associated flow rule

� To express the material property, non-associated flow 
rule is required

� Yield function

� Plastic potential

�
�

�
�

�
g

dd p �

� � 0��f

� � 0��g

2J

1I

Non-associated flow rule

Associated flow rule

pd�

Plastic potential
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Equation for perfectly plastic body

� Non-associated flow rule

� Yield function             ,

� Elastic

� Arrangement

� Plastic multiplier
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Perfectly plastic body

� Constitutive equation of non-associated flow rule
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� Associated flow rule

� Yield function

� Loading condition

� Elastic

� Arrangement

� � 0�pf ��6
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Equation for strain hardening body
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� Plastic multiplier

� Constitutive equation

Strain hardening body
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� von Mises criteria

� Associated flow rule

Yield function

,�

-�

.�

� � 0��f�

� � 02
2 ��� oJf ��

ijijssJ
2
1

:
2
1

2 �� ss

2nd invariant of deviator stress

s�� �
�
�

�
�

� fp�

s
o

p e
�2
�

� �� p
ij

p
ij

ppe ���>� ����� ��where

p��
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� Associated flow rule for von Mises criteria

� Constitutive equation (stress–strain rate relationship)

is nondeterministic for plastic strain rate       .

It is determined by solving the boundary value problem 
(i.e. equilibrium equation). It is, however, not so easy. It 
will be noted later.

Rigid plastic constitutive equation

po

e
��

�

�2
�s p

ij
p
ij

ppe ���� ����� �>�where

IIs p
e

p po ���� �� �
�

�2

p p��
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� Extended von Mises criteria (Drucker-Prager)

� Associated flow rule

Yield function

,�
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.�

� � 0��f�

� � 012 ���� kIJf 8�

�trI �1

1nd invariant of stress
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� Setting of problem

� Analytical methods

� Deformation analysis: stiffness � 0 (rigorous analysis)

� Limit analysis:               but 

Ultimate load analysis (Plasticity theorem)

oFF �� oF :basic load

� :load factor
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� Upper & Lower bound theorems

Two systems based on following conditions:

� Equilibrium equation �

� Strain rate and velocity relationship �

� Constitutive equation ��

� Boundary condition ��

� Property of solutions

Limit analysis

� � � � �� UUexactLL ����� ???? minmax

various solutionsvarious solutions

Upper bound

Lower bound
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� Stress distribution keeps constant at failure

� Proof

Consider a body collapsing at load 

Assume stress changes under constant load

From the above equations

is necessary, that is

Plasticity theorem 1

oT�

''' ����
�
�

S ovv
dsdvdv: utuf ����� (Work equation)

(Virtual work equation)� � ''' ����+�
�
�

S ovv
dsdvdvt : utuf ���� ���

0: �+' tdv
v

�� �� 0: ��� ��

oT�
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� Examination on

where

From the condition of      &                  ,

it is obtained as           .

Continual proof

0: ��� ��

0::: ��� pe ������ ������

0:A:: :� eee ���� ���� :elastic energy

0: :p�� �� :Drucker’s postulate

0: �e�� �� 0: �p�� ��

0���
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� Stress & strain rate distribution is unique for external load

� Proof

Consider two sets of solutions as                 &

It is obtained that

Integrand is

,

therefore,                   .

Plasticity theorem 2

� �p
)1()1( ,�� �

)2()1( ��� ��
pp

)2()1( ��� ��� ��
:self-equilibrate

:compatible with               on0u � �S

� � � � 0: )2()1()2()1( ���'v
pp dv���� ��

� �p
)2()2( ,�� �

� � � � � � � � 0::: )2()1()2()1()2()1()2()1()2()1( :������ pppp ���������� ����

)2()1( �� �
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� Stress distribution approaches to specific one for load

� Proof

Consider two initial stress distributions as                  &

It is obtained that

Plasticity theorem 3

� �0)1( �t�
� �0)2( �t�

)2()1( ��� ��

)2()1( ��� ��� ��
:self-equilibrate

:compatible with               on0u � �S

� � � � 0: )2()1()2()1( ���'v dv���� ��
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� Elastic energy

� State change

based on principle of maximum plastic work

Continual proof

� � � � 0:D:
2
1

)2()1()2()1( :��� ����A
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0?'v dvA� )2()1( �� 4

Stress distribution converges to specific one by plastic deformation.
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� Statically admissible stress field

� Theorem

If statically admissible stress field can be found for 
external load        , the body is safe for it.

(1) Kinematic condition is not considered.

(2) Maximization of lower solution is necessary.

Lower bound theorem of Limit Analysis

0f ���% � in V, otn ���� on S�

� � 09�f in V 

ot�

exact�� ?
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� Suppose exact solutions of  ,         &       .

weak form of statically admissible stress

From two equations

Proof

(� p
(�� *�

''' ((((( ����
�
�

S ovv

p dsdvdv: utuf �����

''' ((( ����
�
�

S ovv

p dsdvdv: utuf �����

� � � � 0: * :���� '' ((( �
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S ov

p dsdv ut �����

0* :� ��
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� Kinematically admissible velocity field

� Theorem

Load factor calculated by setting rate of external load 
work equal to rate of internal dissipation energy

is greater than the exact one,                 .

(1) Equilibrium equation is not considered.

(2) Minimization of upper bound solution is necessary.

Upper bound theorem of Limit Analysis

in V, on Su� �) *Tuu ��� %�%�
2
1� ouu �� �

� � ''' ����
�
�

S ovv

p dsdvdvD utuf ����

�� ?exact
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� Definition

Stress       is uniquely determined for       by principle of 
maximum plastic work.

� Property

(1) convex function of

(2)

Internal dissipation energy

� � ppD ��� �� :�

� p��

�

p��

p��

� � � � � � 0)1()2(
)1(

)1()2( :��
�
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pp D
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� � � �pp DD �� �� �2
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� Suppose exact solutions of        &      .

weak form of statically admissible stress

upper bound calculation

From two equations,

Proof of upper bound theorem

(� *�
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S ovv
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� Upper bound theorem

� Governing equation

Application of upper bound theorem

� �
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� Homogeneous function

Relative magnitude & direction of        are important in 
assessing limit load

Property of object function
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� Convexity property on function

Global minimization = Local minimization

Search of  “ “

Property of object function

�

� �u�� ,p�

�

� �u�� ,p�

0�
�
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� Upper bound theorem

� Functional method for minimization with condition

Minimization of upper bound solution
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� Upper bound theorem

Minimization process derives the equation of equilibrium 
which is not considered in upper bound theorem. 

All necessary equations are taken into account in bound-
ary value problem and the exact solution can be obtained.

Simultaneous equation in minimization
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It is same with equilibrium equation

Limit load factor
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� von Mises criteria

� Functional to minimize an object function with conditions
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Constraint condition for constitutive eqn.
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Obtained equation matches the rigid plastic 
constitutive equation
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� Finite element discretization

Rigid plastic FEM
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Rigid plastic FEM
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Symmetric tensor

� Simultaneous equations

velocity mean stress load factor
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Slope stability analysis
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With and without analysis of seam layer

�@��AB�

�@�CABD

D@D�AB�

Fs=1.307

�@D�AB�

�@��ABD

�@��AB�

Fs=0.9376

Simple slope

Seam weak layer is included
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Effect of nailing strength
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